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BEC Introduction

__p2(p1,p2)

_ p2(Q)
p1(P1)p1(P2) — po(Q)

Assuming particles produced incoherently
with spatial source density S(x),

Ro(Q) =1+ AS(Q)]?

where S(Q)= [dx e/ S(x) — Fourier transform of S(x)
A=1 — A < 1 if production not completely incoherent
Assuming S(x) is a Gaussian with radius r =

Ro(Q) =1+ e @7
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The L3 Data

ete” — hadrons at /s ~ M,

about 36 - 10° like-sign pairs of well measured charged
tracks from about 0.8 - 108 events

about 0.5 - 108 2-jet events — Durham y., = 0.006
about 0.3 - 108 > 2 jets, “3-jet events”
use mixed events for reference sample, pg
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Results in LCMS frame:

0000
000

Summary

Previous Results: Elongation

RL/Rside
L3 1.25+0.03733%
OPAL 1.19+0.0375%8

Longitudinal = Thrust axis

Applications
000
o

(zeus finds similar results in ep) Jpy—
~25% elongation along thrust axis o=@

. ::1'25’ + + + inclusive
OPAL: bty P
Elongation larger for narrower jets Py SO &

Yeut (Durham)

e Conclusion: Elongation, but it is relatively small.

e So: Ignore it. — Assume spherical.
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Transverse Mass dependence of r

Rside . Routu )

= m fev = m feen ™

Smirnova&Lorstad, 7" Int.Workshop on Correlations and Fluctuations (1996)

Van Da\en,S"‘Im.Workshop on Correlations and Fluctuations (1998)
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k, (Gev) k (Gev) K, Gev)

OPAL, Eur. Phys. J C52 (2007) 787

r decreases with my (or k) for all directions
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Results on Q from L3 Z decay
Ro=~-[1+)G]-(1+¢Q) e

e Gaussian o b
G =exp (—(rQ)?)
e Edgeworth expansion
G =exp (—(rQ)?)
1+ %HS(rQ)]
Gaussianif xk =0

xk=0.71+0.06
e symmetric Lévy < ool
G =exp(-|rQl") Bt
0<a<?2 ’ b eden

Gauss Edgew Levy
CL: 107" 105 1078
Poor 2. Edgeworth and Lévy better than Gaussian, but poor.
Problem is the dip of R, in the region 0.6 < Q < 1.5GeV
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Summary

e BEC depend (approximately) only on Q,
not its components.

e BEC depend on m.
e Gaussian and similar parametrizations do not fit.

Turn now to a model providing such dependence.
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The 7-model

T.Csorgd, W.Kittel, W.J.Metzger, T.Novak, Phys.Lett.B663(2008)214
T.Csorgd, J.Zimanyi, Nucl.Phys.A517(1990)588

e Assume momentum is related to avg. production point:
X' (pt) = arpt
where for 2-jet events, a=1/
7=/ — P is the “longitudinal” proper time
and m, = /E? — pZ is the “transverse” mass

o Let oa(x* — Xx") be dist. of prod. points about their mean,

and H(7) the dist. of 7. Then the emission function is

S(x.p) = J5~ drH(7)da(x — arp)pi(p)
e Inthe plane-wave approx. F.B.Yano, S.E.Koonin, Phys.Lett.B78(1978)556.
p2(P1, P2) = [ d*x1d*xS(x1, p1)S(Xe, p2) (1 + cos ([pr — pa] [x1 — X2]) )

o Assume da(x — arp) is very narrow — a o-function. Then

Ro(p1, po) = 1 +AReH(a1202) H(a2§’2>, H(w) = [ drH(r) exp(iwr)
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BEC in the 7-model

e Assume a Lévy distribution for H()
Since no particle production before the interaction,
H(7) is one-sided.
Characteristic function is
H(w) = exp [—% (AT\w\) (1 — isign(w) tan (7”) ) + ino] , a#£1
where

e « is the index of stability
e 79 is the proper time of the onset of particle production
e A7 is a measure of the width of the dist.

e Then, A, depends on Q, a, a
Re(Q, a1, a2) =y {1 + A\ cos [w +tan (4F) (ATTOZ) @]

op [~ (85F) 252} (1+cQ)
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BEC in the 7-model

Re(Q, a1, a2) = v {1 + A cos [77002(3‘”2) +tan (5F) (Afoz) ay +a

2 2 2

-exp {— (ATTQZ) 5 1% } } -(1+Q)

Simplification:
e Particle production begins immediately, 7o = 0
o effective radius, R, defined by R?* = (47) & %

) T?qir(]o) — [1 + \cos ((RaQ)Z )exp (—(RQ)2 )} “(1+¢Q)
where R2" =tan () R?

p.10

Compare to sym. Lévy parametrization:
Fe(Q) =7 [1+) exp [-1rQ| “]] (1+<Q)
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The tau-model
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2-jet Results on Simplified 7-model from L3 Z decay

R, free

18

1 R2

a

=tan () R?




The tau-model

ooeo

3-jet Results on Simplified 7-model from L3 Z decay

18

R, free - | R% =tan () R?
] x?/dof = 113/95
] CL=10%

pD.12



Ij\wy’oductiom The tau-model Elomgatwom7 Summary /Kp’wcal\ons
Summary of Simplified =-model

o R (fm) R, (fm) CL
2jet 0.41 +0.0275% + + 57%
3jet 0.35+£0.0175%% 1.06+0.05793 085+£0.04702 76%
3-jet  0.41 £ fixed 0.93 + 0.03 0.76 + 0.01 38%
2jet 0.44+£0.0175% 0.78 £ 0.047%92 — 49%
3jet 0.42+0.0119% (.98 +0.0410% — 10%
3-jet 0.44 =+ fixed 0.87 + 0.01 — 3%

e consistent values of o

e R? =tan (X)) R?" to and to 1.5¢ for 3-jet
a 2

e Simplified 7-model works well
e R seems to be larger for 3-jet than for 2-jet events

pD.13
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Ro(Q, myy, me) =

The tau-model
00

0000

@00

Full 7-model for 2-
{1 + \cos [TOQ

2(

J’"n +m12) + tan (

wol- ()

Elongation? Summary Applications
00 000
000 o

jet events — a

mﬂ +m12
) 2(myme)

}ava

My +m12
2(/77‘1 ng)

e Fit A>(Q) using
avg my, My in each Q
bin, mq > mp

e 70 =0.00+0.02
sofixto 0

o \2/dof = 90/95
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Full 7-model for 2-jet events

e 7-model predicts dependence on my, Ro(Q, Mg, myp)
e Parameters a, A, 19 are independent of m;
e ) (strength of BEC) can depend on m

4 e divide m-m plane in regions
(equal statistics)

3 e in each region fit A>(Q)
using avg m, My in each Q bin
5 with o, AT, fixed to values found
Mo for entire plane and 5 = 0
1

T .2 3  4GeV

p.15
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Summary

Summary of 7-model

e 7-model with a one-sided Lévy proper-time distribution
describes BEC well

¢ in simplified form it provides a new parametrization of
R>(Q) for both 2- and 3-jet events,
e in full form for 2-jet events, R>(Q, my1, My2)
e both Q- and m-dependence described correctly
e Note: we found AT to be independent of m
At enters Ry as ATQ?/my
In Gaussian parametrization, r enters R. as r°Q?
Thus At independent of m, corresponds to

e BUT, what about

Applications
000
o
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The tau-model Elongation? Summary pplications
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Elongation?

Previous elongation results used fits of Gaussian or
Edgeworth

But we find that Gaussian and Edgeworth fit Ro( Q) poorly
7-model predicts no elongation and fits the data well

Could the elongation results be an artifact of an incorrect fit
function?
or is the 7-model in need of modification?

So, we modify ad hoc the T-model description to allow
elongation and see what we get
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Elongation in the Simplified 7-model?
LCMS: Qz Q + CQldc: + qut - (AE)Z

_02 + Qlde + qut (1 _ [))2) , ﬁ — p1g11tilé220ul
Replace RZ Qz = A2 Rz 02 + 51deQ ide + Rgutoozut

Then in T-model,

Ro( QL. Quge: Quu) = [1 +\cos (ta” (5)~ > oxp (¢ )}

: (1 + ELQL + Eside Qside + Eoutoout)

for 2-jet events:

Rsiae/ R (fM) x2/dof CL

T-model 0.61+£0.02 14847/14921 66%

Edgeworth 0.64 +0.02 14891/14919 56%
consistent

Elongation is real
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Direct Test of @?-only Dependence

1. Q%= Qfp+ Q4 + QA where Qf = QF — (AE)
inv. boosts along thrust axis
2. P=Qf + QG+ 95 Where gou = Quu boosted (1) along

out direction to rest frame of pair
In 7-model, for case 1

Ro(Que, Qsige; Qout) = [1 + )\ cos <tan( . )32 )exp (—52 )} b
where B? = R?. Q2 + R%,.Q2,. + R2, Q2

out

b=1+ e Qg + €side Quide + €out Qout

and comparable expression for case 2, Ro( Qr, Qside, Qout)
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Direct Test of @?-only Dependence
Comepare fits with all ‘radii’
to fits with all ‘radii’ constrained to be equal

case 1 Q@ 0.46 +0.01 0.46 + 0.01
Rig (fm)  0.84 £0.04 0.71 +£0.04
Rge./Rie  0.60 4+ 0.02 1
Rou/Re  0.986 + 0.003 1 difference
x?/DoF  14590/14538 14886/14540 A\ = 296/2
CL 2% ~0
case 2 « 0.41 +0.01 0.44 +0.01
R (fm) 0.96 +0.05 0.82+0.04
Rs4e/RL 0.62+0.02 1
ouw/ RL 1.23+0.03 1 difference
x2/DoF  10966/10647 11430/10649 A\? = 464/2
CL 10~ ~0

Dependence on components of Q is strongly preferred.
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[e]

Q Dependence

= a0 x5

1 & @,-g, X*=2376

05
Q,,@..9, (GeV)

case 2: RZ(QL: Qsidea QOut) VS.
QL for  Quige,Gour < 0.08 GeV
Qside for QLiQOut < 0.08 GeV
Qoue for  QL,Qyige < 0.08 GeV

Dependence on components of
Q is preferred.
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Summary

e R, depends, to some degree, .
separately on components of Q, i.e., on Q .
e contradicts 7-model, where dependence is on Q, noton Q
¢ Nevertheless, 7-model with a one-sided Lévy proper-time
distribution succeeds:
e Simplified, provides a new parametrization of R>(Q)
which works well
e R>(Q, my, my) successfully fits Rs for 2-jet events
both Q- and m-dependence described correctly
o Note: we found A7 to be independent of m,
At enters R, as ATQ?/my
In Gaussian parametrization, r enters R, as Q?
Thus A7 independent of m, corresponds to
e But dependence of R, on components of Q implies
7-model is in need of modification
Perhaps, a should be different for transverse/longitudinal
xH(p*) = aTpt, a=1/m for 2-jet

D.22
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Emission Function of 2-jet Events.

In the 7-model, the emission function in configuration space is

. 1 d% 1 /mn\3 L mX
S(X,7) = = (—t) H(7)p1 (p: T‘)

T hdrd¥x  n\r

For simplicity, assume p1(B) = G(n)/(r) check —Factorization OK
(n = space-time rapidity)

Strongly correlated x, p — i) :
n=>y r=pr/m

3
G(n) = py(n) I(r) = (%) pp (rmy/T)
(py, pp, are inclusive single-particle distributions)

Hr) (m™)

A AT 1.56fm

So, using experimental py(y), pp, (p:) dists.
and H(7) from BEC fits,
we can reconstruct S.
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Emission Function of 2-jet Events.

Integrating over r, Integrating over z,

tifm)
5

1, [t from L3 2-jet events 7= 001, 002, ., 01m]

S(r,7) (i)

B
5
"
2 sehim?d 4
® —74
-5 00 0.02 0.04

-10 z(fm) X

“Boomerang” shape

T (fm)
006 008 010

Particle production is close to the light-cone

D.24
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Emission Function of 2-jet Events.

Integrating over z,

7 =0.01fm

7=001 fm

Y

Integrating over r,

"
1Y

%
o St (m) =
t(fm) Zraef
5 o &
10
! «
b
3 (m)
a0 o oo oo oo on" ™
2 S@bdm?)

7 = 0.04fm
~ =004 tm

7 = 0.07fm

7=007 tm

Yo%

-10 N

)

@
1

2 (dm) &

“Boomerang” shape

say?)
+

Expanding ring
Particle production is close to the light-cone
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Applications

aS
LLA parton shower leads to a fractal in momentum space

fractal dimension is related to «; Gustafson et al.
Lévy dist. arises naturally from a fractal, or random walk,
or anomalous diffusion Metzler and Klafter, Phys.Rep.339(2000)1.

strong momentum-space/configuration space correlation of
7-model = fractal in configuration space with same «
generalized LPHD suggests particle dist. has same
properties as gluon dist.

Putting this all together leads to Csbrgs etal.
271' 2
g = ?
Using our value of yields oy = 0.46 + 0.04

This value is reasonable for a scale of 1-2 GeV,
where production of hadrons takes place
cf., from 7 decays as(m; ~ 1.8GeV) = 0.34 + 0.03 roc
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BEC Introductign
g-particle density pg(p1, ..., Pq) = 1 d%0q(P1,:--Pq)

Otot dp1 dpq
2-particle correlation: _re(P1,P2)
p1(p1)p1(p2)
To study only BEC, not all correlations,
let po(p1, p2) be the 2-particle density if no BEC

(= po of the ‘reference sample’) and define
p2(P1,P2)  pi(P1)p1(P2) _ pa(Pi1,P2)
p1(P1)p1(P2)  po(p1.p2) po(P1, P2)

Ra(p1, p2) =

Since 2-m BEC only at small Q

Q= /~(p1 — p2)?= /M, — 4m?

integrate over other variables: R>(Q) =
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LCMS

The usual parametrization assumes a symmetric Gaussian
source

But, there is no reason to expect this symmetry in ete™— qq.
Therefore, do a 3-dim. analysis in the Lo
Longitudinal Center of Mass System (LCMS): PP,

Boost each 7w-pair along event axis § Quut
(thrust or sphericity) pL1 = —pra D

p1 + Po defines ‘out’ axis
Qside uE (QLu Qout)

Q. event i
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LCMS

Advantages of LCMS:
02 = OE + Qszide + qut - (AE)2

= QP+ Q3 +Q@,(1-5%)  where = 7%‘;; ig":tz
Thus, the energy difference,
and therefore the difference in emission time of the pions
couples only to the out-component, Quyt.
Thus,
Q. and Q4. reflect only spatial dimensions of the source
Q.. reflects a mixture of spatial and temporal dimensions.
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Fit Results Simplified 7-model

parameter

two-jet

three-jet

A

R (fm)
R, (fm)

€ (GeV—T)
gl

0.63 + 0.0313%8
0.04
0.41 +0.0270:04
0.79 + 0.0470%3
0.21
0.69 + 0'04%‘8% .
0.001 + 0.002+9:00
0.988 + 0.005"5:528

0.92 + 0.0513%
0.03
0.35+0.017392
1.06 + 0.0570-39
0.15
0.85 + 0'04t°‘8% .
0.000 + o.ooztg;g%
0.997 £ 0.00570 003

x2/DoF
confidence level

91/94
57%

84/94
76%
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Fit Results Simplified 7-model

parameter two-jet three-jet

A 0.61 + 0.0375:58 0.84 £ 0.047593

a 0.44 + 0.0179:53 0.42 +£0.011352

R (fm) 0.78 £ 0.0475:%2 0.98 + 0.0413-%%

e (Gev™) 0.005 £ 0.001 +0.003  0.008 + 0.001 + 0.005
o 0.979 £ 0.002755%%  0.977 +0.001700%3
x?/DoF 95/95 113/95

confidence level 49% 10%




D.32

Fit Results Full 7-model for 2-jet events

m, regions (GeV) average confidence
Mgy Mo m; (GeV) level A
Q<04 | all (%)

0.14-0.26 0.14-0.22 0.19 0.19 10 0.39 +£0.02
0.14-0.34 0.22-0.30 0.27 0.27 48 0.76 +0.03
0.14-0.46 0.30-0.42 0.37 0.37 74 0.83 +0.03
0.14-0.66 0.42-4.14 0.52 0.52 13 0.97 +0.04
0.26-0.42 0.14-0.22 0.25 0.26 22 0.53 +£0.02
0.34-0.46 0.22-0.30 0.32 0.33 33 0.80 +0.03
0.46-0.58 0.30-0.42 0.43 0.44 34 0.91 +£0.04
0.66—-0.86 0.42-4.14 0.65 0.65 66 1.01 £ 0.05
042-0.62 0.14-0.22 0.34 0.34 17 0.41 +0.03
0.46-0.70 0.22-0.30 0.41 0.41 55 0.64 +0.03
0.58-0.82 0.30-0.42 0.52 0.52 59 0.70 +£0.04
0.86-1.22 0.42-4.14 0.80 0.81 24 0.66 +0.05
0.70—-4.14 0.22-0.30 0.59 0.65 4 0.37 +£0.04
0.82-4.14 0.30-0.42 0.71 0.76 11 0.56 + 0.05




p.33

Fit Result Ro(Q, My, M)

parameter

A 0.58 + 0.0375:58

a 0.47 + 0.0175:52

AT (fm) 1.56 + 0.127032

e (GevV™) 0.001 + 0.001 + 0.003
5 0.988 + 0.0023-995
x?/DoF 90/95

confidence level 62%
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Fit Results elongation in 7-model for 2-jet events

A 0.49 +0.02
o 0.46 £+ 0.01
Ry (fm) 0.854+0.04
Rige/ RL 0.61 £0.02
Rout/ AL 0.66 +0.02

e (Gev~1)  0.001 =+ 0.001
€side (GeV~1)  —0.076 + 0.003
€out (GeV™1)  —0.029 + 0.002

v 1.011 £ 0.002

x?/DoF 14847 /14921
CL 66%
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Fit Results of direct tests for 2-jet events

case 1 A 0.51 +£0.03 0.49 £ 0.03
a 0.46 + 0.01 0.46 + 0.01
Rik (fm) 0.84 + 0.04 0.71 +£0.04

Ryde/RLE 0.60 & 0.02 1

Row/RLz  0.986 £ 0.003 1

eg (GeV=1)  0.001+£0.001  0.000 + 0.001

esige (GeV-T) —0.069 £ 0.003 —0.064 + 0.003

cout (GeV-1)  —0.032+£0.002 —0.035 + 0.002
v 1.010+£0.002  1.012+0.002

X2/DoF  14590/14538  14886/14540
CcL 38% 2%




D.36

Fit Results of direct tests for 2-jet events

case 2 A 0.65 + 0.03 0.57 +0.03
a 0.41 £ 0.01 0.44 + 0.01
Ry (fm) 0.96 + 0.05 0.82 +0.04

Ryde/RL 0.62 +0.02 1

Fout/ BL 1.23 +0.03 1

e (Gev=')  0.004+0.001  0.003 + 0.001
eside (GeV-1)  —0.067 +£0.003 —0.059 + 0.003
cout (GeV-1)  —0.022+0.003 —0.029 + 0.002

~ 1.000+£0.002  1.003 + 0.002

x?/DoF 10966,/10647 11430/10649
CL 2% 10~/
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R, free
v2/dof = 91/94
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Q Dependence
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tegrating over r, Integrating over z,

° tm

i/ [strun from L32-jet events 7 = 001, 002, ., 02|
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“Boomerang” shape
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Integratin rr [
tegrating over r, Integrating over z,
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i/ [strun from L32-jet events 7 = 001, 002, ., 02|
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