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Hydrodynamic Hydrodynamic scalingscaling predictionspredictions
•• Hydro predicts scaling (also viscous) Hydro predicts scaling (also viscous) 
•• What does a scaling mean? What does a scaling mean? 

–– For example Reynolds number For example Reynolds number ρρvr/vr/ηη
–– Only a combination of parameters Only a combination of parameters mattersmatters

•• Collective, thermal behavior Collective, thermal behavior →→
Loss of informationLoss of information

•• Spectra slopes:Spectra slopes:

•• Elliptic flow:Elliptic flow:

•• HBT radii:HBT radii:
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PerfectPerfect hydrohydro picturepicture

•• No No datadata pointpoint
eveneven nearnear thethe
kinematickinematic
viscosityviscosity of of 
44He (10/4He (10/4ππ))

•• CloseClose toto
AdSAdS/CFT /CFT 
minimum, minimum, 
(1/4(1/4ππ))
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Little Little vocabularyvocabulary of of hydrodynamicshydrodynamics

•• ExactExact//parametricparametric solutionsolution
–– Solution of hydro equations Solution of hydro equations analyticallyanalytically, , 

withoutwithout approximationapproximation
–– UsuallyUsually has free has free parametersparameters

•• Hydro inspired parameterizationHydro inspired parameterization
–– Distribution determined at freezeDistribution determined at freeze--out only, their out only, their 

time dependence is not consideredtime dependence is not considered
•• Numerical solutionNumerical solution

–– SolutionSolution of of hydrohydro equationsequations numericallynumerically
–– Start Start fromfrom arbitraryarbitrary initialinitial statestate
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HowHow analyticanalytic hydrohydro worksworks
•• TakeTake hydrohydro equationsequations and and EoSEoS
•• FindFind a a solutionsolution

–– WillWill containcontain parametersparameters ((likelike Friedmann, Friedmann, 
SchwarzschildSchwarzschild etc.)etc.)

–– WillWill useuse a a possiblepossible setset of of initialinitial conditionsconditions
•• UseUse a a freezefreeze--outout conditioncondition

–– EgEg fixed fixed properproper timetime oror fixedfixed temperaturetemperature
–– GenerallyGenerally a a hyperhyper--surfacesurface

•• CalculateCalculate thethe hadronhadron sourcesource functionfunction
•• IntegrateIntegrate over over timetime toto calculatecalculate photonphoton spectraspectra
•• HydrodynamicsHydrodynamics:: Initial conditions Initial conditions ⊗⊗

dynamical equations dynamical equations ⊗⊗ freezefreeze--out conditionsout conditions
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SomeSome knownknown relativisticrelativistic solutionssolutions
SolutionSolution Basic Basic propprop’’ss EoSEoS ObservablesObservables

HwaHwa--BjBjöörkenrken
R.C. R.C. HwaHwa, P, PRRDD10, 2260,197410, 2260,1974
J.D. J.D. BjorkenBjorken, , PRPRD27, 40(1983D27, 40(1983))

CylindrCylindr., 1D,., 1D,
nonnon--acceleratingaccelerating dndn//dydy, , εε

BialasBialas et et alal..
A. A. BialasBialas, R. A. Janik, and R. , R. A. Janik, and R. 

B. B. PeschanskiPeschanski, , PhysPhys. . RevRev. . 
C76, 054901 (2007).C76, 054901 (2007).

1D, 1D, betweendbetweend
LandauLandau and and 

HwaHwa--BjBjöörkenrken
dndn//dydy

CsCsöörgrgőő, Nagy, Csan, Nagy, Csanáádd
Phys.Lett.BPhys.Lett.B 663:306663:306--311, 2008 311, 2008 
Phys.Rev.C77:024908,2008 Phys.Rev.C77:024908,2008 

EllipsoidalEllipsoidal, 1D , 1D 
acceleratingaccelerating

dndn//dydy, , εε

LandauLandau
IzvIzv. Acad. . Acad. NaukNauk SSSR 81 SSSR 81 
(1953) 51(1953) 51

CylindrCylindr., 1D, ., 1D, 
acceleratingaccelerating

nonenone

CsCsöörgrgőő, Csernai, , Csernai, HamaHama, , 
KodamaKodama

HeavyHeavy Ion Ion PhysPhys. A 21, 73 . A 21, 73 
(2004))(2004))

EllipsoidalEllipsoidal, 3D, , 3D, 
nonnon--acceleratingaccelerating

ThisThis workwork doesdoes
thethe calculationcalculation
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WhereWhere wewe areare
•• RevivalRevival of interest, of interest, newnew solutionssolutions

–– SinyukovSinyukov, , KarpenkoKarpenko, , nuclnucl--thth/0505041/0505041
–– PrattPratt, , nuclnucl--thth/0612010/0612010
–– BialasBialas et et alal.: Phys.Rev.C76:054901,2007.: Phys.Rev.C76:054901,2007
–– BorschBorsch, , ZhdanovZhdanov: SIGMA 3:116,2007: SIGMA 3:116,2007
–– Nagy et Nagy et alal.: J.Phys.G35:104128,2008 and  .: J.Phys.G35:104128,2008 and  arXivarXiv/0909.4285/0909.4285
–– LiaoLiao et et alal.: .: arXivarXiv/09092284 and Phys.Rev.C80:034904,2009/09092284 and Phys.Rev.C80:034904,2009
–– MizoguchiMizoguchi et et alal.: Eur.Phys.J.A40:99.: Eur.Phys.J.A40:99--108,2009108,2009
–– BeufBeuf et et alal.:Phys.Rev.C78:064909,2008 (.:Phys.Rev.C78:064909,2008 (dSdS//dydy asas wellwell!)!)

•• NeedNeed forfor solutionssolutions thatthat areare::
–– acceleratingaccelerating + + relativisticrelativistic+ 3 + 3 dimensionaldimensional
–– explicit + explicit + simplesimple + + compatiblecompatible withwith thethe datadata

•• NeedNeed toto calculatecalculate observablesobservables!!
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The The solutionsolution wewe investigateinvestigate
•• DensityDensity, , temperaturetemperature, , pressurepressure

–– νν(s) (s) arbitraryarbitrary, , butbut realisticrealistic toto
choosechoose GaussianGaussian
b<0 is b<0 is realisticrealistic

•• EllipsoidalEllipsoidal symmetrysymmetry

–– ((thermodynamicthermodynamic quantitiesquantities constconst. . onon thethe s=s=constconst. . ellipsoidellipsoid))

•• DirectionalDirectional HubbleHubble--flow flow 
–– v=v=HrHr oror H=v/r, H=v/r, thethe HubbleHubble--constantsconstants::
––

(T. Cs(T. Csöörgrgőő, L. P. Csernai, Y. , L. P. Csernai, Y. HamaHama éés T. s T. KodamaKodama,  ,  HeavyHeavy Ion Ion PhysPhys. A 21, 73 (2004)). A 21, 73 (2004))
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TemperatureTemperature profileprofile
TransverseTransverse temperaturetemperature profileprofile asas a a functionfunction of of timetime

withwith an an exampleexample parameterparameter setset::
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The The hadronichadronic sourcesource functionfunction
•• SourceSource functionfunction: : probabilityprobability of a of a particleparticle createdcreated

atat xx withwith momentum momentum pp
•• MaxwellMaxwell--Boltzmann Boltzmann distributiondistribution + extra + extra termsterms

–– H(H(ττ))ddττ freezefreeze--outout distributiondistribution
ifif suddensudden:   :   

–– CooperCooper--FryFry prefactorprefactor ((fluxflux termterm))

–– ValidityValidity: : ττ00>R>RHBTHBT, , mmtt>T>T00
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HadronicHadronic resultsresults
•• SingleSingle particleparticle spectrumspectrum

•• EllipticElliptic flowflow

withwith , I: , I: BesselBessel funcfunc..

•• TwoTwo--particleparticle correlationcorrelation functionsfunctions::
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SourceSource functionfunction of of photonsphotons
•• Photons are continuously created from Photons are continuously created from 

thermalizationthermalization
•• Photons are not thermalizedPhotons are not thermalized
•• BoseBose--Einstein distributionEinstein distribution

•• Has to be integrated over timeHas to be integrated over time
•• Second order Gaussian approximationSecond order Gaussian approximation

( ) 1
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PhotonPhoton spectraspectra and and photonphoton vv22
•• IntegrationIntegration cancan be be donedone analyticallyanalytically

•• A and B A and B areare::
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SingleSingle pionpion spectumspectum withwith HBT HBT radiiradii
•• 00--30% 30% centralitycentrality, Au+, Au+AuAu, PHENIX, PHENIX

•• TT00 199 199 ±± 3 3 MeVMeV centralcentral freezefreeze--outout temptemp..
•• εε 0.80 0.80 ±± 0.020.02 momentum momentum spacespace eccecc..
•• uutt

22/b/b --0.840.84±± 0.1 (b<0)0.1 (b<0) transvtransv. flow/. flow/temptemp. . gradgrad
•• ττ00 7.7 7.7 ±± 0.10.1 freezefreeze--outout properproper timetime
•• χχ22 171 (24 171 (24 withwith theorytheory errorerror))

EurEur. . PhysPhys. J. A 44,. J. A 44,
473473––478 (2010)478 (2010)

EurEur. . PhysPhys. J. A 44,. J. A 44,
473473––478 (2010)478 (2010)
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EllipticElliptic flowflow
•• 00--92% 92% centralitycentrality, Au+, Au+AuAu, PHENIX (R.P. , PHENIX (R.P. methodmethod techniquetechnique))

•• TT00 204 204 ±± 7 7 MeVMeV f.of.o. . temperaturetemperature
•• εε 0.34 0.34 ±± 0.010.01 eccentricityeccentricity
•• uutt

22/b/b --0.34 0.34 ±± 0.07 (b<0)0.07 (b<0) transvtransv. flow/. flow/temptemp. . gradgrad
•• χχ22 256 (66 256 (66 withwith theorytheory errorerror))

EurEur. . PhysPhys. J. A 44, . J. A 44, 
473473––478 (2010)478 (2010)
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DirectDirect photonphoton spectrumspectrum
•• FitsFits toto 00--92% 92% centralitycentrality PHENIX PHENIX datadata
•• ParametersParameters fromfrom hadronichadronic fitfit
•• ImportantImportant newnew parameterparameter: : κκ=7.7=7.7±±0.80.8

A. Adare et al.:
Phys. Rev. Lett. 104, 132301 (2010)



September 17, 2010September 17, 2010 M. CsanM. Csanáád, WPCF'10 Kievd, WPCF'10 Kiev 1717

ImpicationsImpications onon initialinitial temperaturetemperature
•• FromFrom hadronichadronic observablesobservables::

•• EoSEoS fromfrom photonphoton spectraspectra: : κκ=7.7=7.7±±0.80.8
•• InitialInitial temperaturetemperature ((atat ττ=1 =1 fmfm/c)/c)

TTii ≈≈ 440 440 MeVMeV

EurEur. . PhysPhys. J. A 44, 473 (2010). J. A 44, 473 (2010)
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InsensitivityInsensitivity toto thethe initialinitial timetime

•• InitialInitial timetime periodperiod: : smallsmall contributioncontribution
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EoSEoS dependencedependence

•• SensitiveSensitive toto κκ withwith thesethese levellevel of of errorserrors
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PhotonPhoton ellipticelliptic flow flow analysisanalysis
EccentricityEccentricity dependencedependence EoSEoS dependencedependence

InitialInitial timetime dependencedependence
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PhotonPhoton ellipticelliptic flow flow predictionprediction

•• WithWith thethe samesame parametersparameters, , notnot finefine tunedtuned
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SummarySummary
•• RevivalRevival of interest of interest inin perfectperfect hydrohydro

•• OurOur modelmodel: 3+1d : 3+1d relativisticrelativistic modelmodel w/o w/o accelerationacceleration

•• CalculatedCalculated hadronichadronic sourcesource →→ NN11, v, v22, HBT, HBT

•• CalculatedCalculated photonphoton sourcesource →→ NN11, v, v22

•• PhotonPhoton HBT HBT toto be be calculatedcalculated yetyet

•• ComparedCompared successfullysuccessfully toto datadata, , κκ=7.7=7.7±±0.80.8

TTii≈≈440 440 MeVMeV

•• PredictedPredicted photonphoton ellipticelliptic flowflow



ThankThank youyou forfor youryour
attentionattention
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TwoTwo--particleparticle correlationcorrelation radiiradii
•• DefinitionDefinition::

•• FromFrom thethe sourcesource functionfunction::
•• ChangingChanging coordinatescoordinates

•• ResultResult::
•• The The usualusual scalingscaling ((samesame forfor kaonskaons!):!):

•• BertschBertsch--PrattPratt coordinatescoordinates::

•• FreezeFreeze--outout: : τ τ = = constconst. . ↔↔ ΔΔτ τ = 0 = 0 →→ RRoutout = = RRsideside
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SummarySummary of of thethe fit fit resultsresults

•• FreezeFreeze--outout temperaturetemperature aroundaround 200 200 MeVMeV
•• Flow Flow stronglystrongly dependsdepends onon centralitycentrality
•• Momentum Momentum spacespace eccentricityeccentricity: 0.3: 0.3--0.90.9

–– ThisThis is flow is flow assymmetryassymmetry
•• AverageAverage transversetransverse flow and flow and temptemp. . gradientgradient: : 

–– StronglyStrongly coupledcoupled, ratio , ratio aroundaround 0.30.3--1.0 (1.0 (withwith b<0)b<0)
•• ConfidenceConfidence levelslevels veryvery lowlow
•• WithWith estimatedestimated 3% 3% theorytheory errorerror: : acceptableacceptable
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FamousFamous solutionssolutions
•• LandauLandau’’ss solutionsolution (1D, (1D, developeddeveloped forfor p+p):p+p):

–– AcceleratingAccelerating, implicit, , implicit, complicatedcomplicated, 1D, 1D
–– L.D. Landau, L.D. Landau, IzvIzv. Acad. . Acad. NaukNauk SSSR 81 (1953) 51SSSR 81 (1953) 51
–– I.M. I.M. KhalatnikovKhalatnikov, , ZhurZhur. . Eksp.Teor.FizEksp.Teor.Fiz. 27 (1954) 529. 27 (1954) 529
–– L.D.LandauL.D.Landau andand S.Z.BelenkijS.Z.Belenkij, , UspUsp. . FizFiz. . NaukNauk 56 (1955) 30956 (1955) 309

•• HwaHwa--BjorkenBjorken solutionsolution::
–– NonNon--acceleratingaccelerating, explicit, , explicit, simplesimple, 1D, , 1D, boostboost--invariantinvariant
–– R.C. R.C. HwaHwa, Phys. Rev. D, Phys. Rev. D10, 2260 (1974)10, 2260 (1974)
–– J.D. J.D. BjorkenBjorken, Phys. Rev. D27, 40(1983), Phys. Rev. D27, 40(1983)

•• OthersOthers
–– ChiuChiu, , SudarshanSudarshan and and WangWang
–– BaymBaym, , FrimanFriman, , BlaizotBlaizot, , SoyeurSoyeur and and CzyzCzyz
–– SrivastavaSrivastava, , AlamAlam, , ChakrabartyChakrabarty, , RahaRaha and and SinhaSinha
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NonrelativisticNonrelativistic solutionssolutions
SolutionSolution SymmetrySymmetry DensityDensity prof.prof. EoSEoS ObservablesObservables

Csizmadia et Csizmadia et alal..
PhysPhys. Lett. B443:21. Lett. B443:21--
25, 199825, 1998

SphereSphere GaussianGaussian CalculatedCalculated

CsCsöörgrgőő
CentralCentral
Eur.J.Phys.2: 556Eur.J.Phys.2: 556--
565,2004565,2004

SphereSphere ArbitraryArbitrary NotNot
calculatedcalculated

AkkelinAkkelin et et alal..
Phys.RevPhys.Rev. C67,2003. C67,2003

EllipsoidEllipsoid Gaussian Gaussian 
(T=T(t))(T=T(t))

CalculatedCalculated

CsCsöörgrgőő
ActaActa Phys.PolonPhys.Polon. . 
B37:483B37:483--494,2006494,2006

EllipsoidEllipsoid ArbitraryArbitrary
(T=T(r,t))(T=T(r,t))

NotNot
calculatedcalculated

CsCsöörgrgőő, Zim, Zimáányinyi
HeavyHeavy Ion Ion 
Phys.17:281Phys.17:281--
293,2003 293,2003 

EllipsoidEllipsoid GaussianGaussian CalculatedCalculated

3
2

nTε =
3
2

nTε =

3
2

nTε =
3
2

nTε =

( )T nTε κ= ( )T nTε κ=

nTε κ= nTε κ=

enT Bε κ= −enT Bε κ= −
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WhereWhere wewe areare
•• RevivalRevival of interest, of interest, newnew solutionssolutions

–– SinyukovSinyukov, , KarpenkoKarpenko, , nuclnucl--thth/0505041/0505041
–– PrattPratt, , nuclnucl--thth/0612010/0612010
–– BialasBialas et et alal.: Phys.Rev.C76:054901,2007.: Phys.Rev.C76:054901,2007
–– BorschBorsch, , ZhdanovZhdanov: SIGMA 3:116,2007: SIGMA 3:116,2007
–– Nagy et Nagy et alal.: J.Phys.G35:104128,2008 and  .: J.Phys.G35:104128,2008 and  arXivarXiv/0909.4285/0909.4285
–– LiaoLiao et et alal.: .: arXivarXiv/09092284 and Phys.Rev.C80:034904,2009/09092284 and Phys.Rev.C80:034904,2009
–– MizoguchiMizoguchi et et alal.: Eur.Phys.J.A40:99.: Eur.Phys.J.A40:99--108,2009108,2009
–– BeufBeuf et et alal.:Phys.Rev.C78:064909,2008 (.:Phys.Rev.C78:064909,2008 (dSdS//dydy asas wellwell!)!)

•• NeedNeed forfor solutionssolutions thatthat areare::
–– acceleratingaccelerating + + relativisticrelativistic+ 3 + 3 dimensionaldimensional
–– explicit + explicit + simplesimple + + compatiblecompatible withwith thethe datadata

•• BudaBuda--LundLund typetype of of solutionssolutions: : eacheach, , butbut notnot simultaneouslysimultaneously
•• BudaBuda--LundLund interpolatorinterpolator: : hydrohydro inspiredinspired sourcesource functionfunction, , 

interpolatesinterpolates betweenbetween 33--dimensional Bdimensional B--L L solutionssolutions::
Non-relativistic, accelerating, 3d Relativistic, non-accelerating 3dB-L interpolator
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